Lachaud, G., Artin-Schreier curves, exponential sums, and coding theory, Theoretical Computer Science 94 (1992) 295-310. This is a survey of some results recently obtained on the distribution of the weights of some classical linear codes on the one hand, such as the dual of the Melas code, and the geometric BCH codes discovered by Goppa (subfield subcodes of Goppa codes) on the other hand. These results depend upon the properties of certain algebraic curves defined over a finite field, and the associated exponential sums, such as the Kloosterman sums.
Prelude
There is an organic connection between exponential sums and the number of points of curves defined over finite fields, and this connection is central in the application of algebraic geometry to coding theory. As an illustration, we recall the simple trick below, which is a particular and elementary case of the results developed in Section 1.
In what follows, we let q be a power of a prime number p; we denote by F = F, the field with q elements. For XEF we denote the trace map of the extension F/F, by 
Proof. If w E F. consider
where the sum is over the nontrivial additive characters of F; the value of this sum is q or 0 according to whether Tr,,,(w) =O or not by orthogonality of the characters. On the other hand, the number of YE F with yp-y= w is also equal to q or 0 according to whether Tr,,,(w) =O or not by Hilbert Theorem 90. Then
#WF)=~~$,(f(x))=~ f+',(FJl

JI x i
and we are done, taking into account the trivial character. q 1. Artin-Schreier curves and exponential sums 
Exponential sums and L functions
Let K be, as before, a function field of one variable over F which is a regular extension of F, and let X be a smooth model of K. IffE K, define the exponential sum fW>f)= c W-(x)).
.XE X (F)
The numbers W(F,f) are contained in the ring Z[<,] of integers of the cyclotomic field Q([,) of pth roots of unity. We now modify the preceding sum according to Deligne. As a corollary, we thus get that if f$pK + F, then we have
where the numbers q(J) are algebraic integers such that ai(f)ai(,f)=~; hence, we get the following estimate of Weil [30, 311 in the case given by Deligne [4] (cf. also [26] ): iffq!b~K+F, then
The following result shows that the Deligne bound can be sharpened if one groups the terms together. With the help of a trick of Serre [27] , we get the following theorem. 
In fact, this estimate is true for any abelian F-covering 71: Y-X (the proof is the same).
Corollary 1.4. If fj! pK + F, then lTrF,Q W*(FJ)l d (P-1)
This result is used, for instance, by Wolfmann [2] in the theory of cyclic codes; actually, his questions motivated the present work.
These results have been independently obtained, for char F=2 when X is the projective line P', by Moreno and Moreno [22] , and applied to the covering radius and the minimum distance of classical Goppa codes.
Kloosterman sums and codes
Kloosterman sums
The Kloosterman sum is defined by
XEF'
The sum W,,(a) satisfies, on the one hand, the congruence 
Kloosterman sums in et'en characteristic
In even characteristic we have
WKl(a)= c (-l)Tr(x-'+ax) (aEF:).
XtF;
The following theorem has been proved by Wolfmann and the author of this paper.
Theorem 2.1. The image of the map a-t W,,(a)from F," to the ring Z of integers is equal to the set {WEZI W= -1 (mod4) and IWl<2&}.
When p=2, the curve &,,(a) is elliptic. Recall that an elliptic curve %' defined on F can be defined as the locus in P* of a cubic homogeneous equation
.0x, Y, z) = 0.
The elliptic curve V is said to be supersingular if the coefficient of (x~.z)~-~ in f(x, y, z)"-i is equal to 0. If %' is not supersingular, the curve %? is said to be ordinary.
Assume that q is a power of 2; we choose an element z EF satisfying Tr(t)= 1. We have the following result, essentially from [6]. We have # h%W) = q + 1 AZ w&).
We know from [9] (see also the surveys of Waterhouse [29] and Schoof [24] ) that there is an ordinary elliptic curve with q + 1 -t points over F if and only if ( t ( c 2 [&I and t is odd; and the curves &&(a) are all the curves such that t = 1 (mod 4); hence the result.
Class number of quadratic forms
Now the question is: How many sums with a given possible value are there? This means that we have to compute, for each t ~2, the number of UE FE such that I+',,(a) = t. In order to do this we use the relation between classes of binary integral positive definite quadratic forms and classes of elliptic curves as established by Honda
1191.
Let in other words, H(D) is the number of triples (a, b,c)eZ3 satisfying (t); so, it is straightforward to compute that integer. We know from [9] that if N(t) denotes the number of classes of F-isomorphisms of elliptic curves over F such that the number of points over F is equal to q+ 1 -t, then
N(t)=H(t2-44).
We have thus established the following theorem. 
Kloosterman codes
The Kloosterman code C,,(q) is of length n = q -1 and of dimension 2m, and is the 
(b) for t # 1, the weight w, has frequency (q -l)H(t' -4q); (c) the weight w 1 = q/2 has frequency (q -l)(H( 1 -49) + 2).
These results are studied in [25] from the point of view of modular forms. In characteristic 3 we have to consider the curve of genus 2:
Distribution of the weights of the Kloosterman codes
where aEFX. where bEF", to the elliptic curve
given by (X, Y)=(xy, x'). They deduced from this that the set of the WKI(a), where aEF,", is the set of all the integers t z q -1 (mod 3) such that 1 tJ < 2 [&I. By the same trick as above, we thus know the weights of the Kloosterman code in characteristic three. As a byproduct we get # W(b)(F) = q + 1+ W,,(b).
The corresponding results for the Melas code are given by Wolfmann [32] . 
Geometric Goppa codes
We recall here the construction and properties of geometric Goppa codes (cf. [7, 8, 12, 281 . Let X be a smooth absolutely irreducible algebraic projective curve defined over F; we denote by X(F) the set of points of X with coordinates in F. Let K be the field of rational functions on X defined over F. We denote by Div(X; F) the space of divisors of X defined over F. If G is in Div(X; F), we set
this is a finite-dimensional vector space over F. Let (D, G) be a couple of divisors in Div(X; F). We assume that we have We denote by Q(X) the vector space of differential forms of order 1 on X which are defined over F, we denote by (w) the divisor of OEQ(X), and if T~Div(x; F), we let
L'(T)={~EQ(X)~(~)>,T}U{O).
This is a finite-dimensional vector space over F; in particular, Q(O) is the vector space of differentials of the first kind and the genus of X is equal to g(X ) = dim Q(O).
We now consider the code r, (or Tn(D, G)) which is the image of the map cQ:Q(G-D)-+F", defined by en(o) = (Res(o, PI) , . , Res(w, P,)).
Since ker cQ= Q(G), this map is injective if deg G>2g-2.
Assume that 2g-2<degG<n+g-1. Then dimr,>n-degG+g-1, with equality holding as soon as deg G > II, and distr,>degG-2g+2.
The codes rL and r, are duals: we call rL and r, the geometric Goppa codes on X defined by the data (D, G). hence, the geometric BCH code (T,(D, G) 1 FP) is the primitive and narrow classical BCH code of designed distance 6, with an overall parity check added. Table 1 shows the relation between the various families of codes. Table 1 On the line On the line Arbitrary curve in the case considered in Example 7.2, we recover the classical Carlitz-Uchiyama bound, cf. [20] .
Bounds for the weights of codes
